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We present next-to-next-to-next-to-leading order (N3LO) QCD predictions for the Higgs boson
pair production via gluon fusion at hadron colliders in the infinite top-quark mass limit. Besides
the inclusive total cross sections at various collision energies, we also provide the invariant mass
distribution of the Higgs boson pair. Our results show that the N3LO QCD corrections enhance
the next-to-next-to-leading order cross section by 3.0% (2.7%) at
√
s = 13 (100) TeV, while the
scale uncertainty is reduced substantially below 3% (2%). We also find that a judicious scale choice
can significantly improve the perturbative convergence. For the invariant mass distribution, our
calculation demonstrates that the N3LO corrections obviously improve the scale dependence but
almost do not change the shape.
Introduction – The discovery of the Higgs boson [1, 2]
marks the completion of the standard model (SM) of par-
ticle physics and the start of a new era for the physics
searches at the LHC. The next primary goal of the LHC is
to precisely pin down its interactions with other SM par-
ticles or itself. In particular, the precision study of the
Higgs potential is ultimately crucial for understanding
the electroweak symmetry breaking mechanism. At the
LHC, it has been found that its interaction couplings with
massive gauge bosons and fermions agree with the SM
expectations [3–6], while there are only quite weak con-
straints on the trilinear Higgs self-coupling [7, 8]. How-
ever, in the future, the experimental probe will be sig-
nificantly improved as the increase of the integrated lu-
minosity and the collision energy, and/or by employing
novel analyzing methods [9]. Theoretically, there indeed
exist beyond-the-SM (BSM) models in which the trilin-
ear Higgs self-coupling deviates from the SM value by
about 100% while the Higgs couplings to gauge bosons
and fermions are almost SM-like [10]. Therefore, the pre-
cise measurement of the trilinear Higgs self-coupling at
the LHC would be of paramount importance to fully ex-
plore the elusive BSM signals.
The direct manner to probe the trilinear Higgs self-
coupling at the LHC is via the Higgs boson pair pro-
duction. Like the single Higgs case, the gluon-gluon fu-
sion (ggF) channel is dominant, while other channels like
vector-boson fusion (VBF) are at least one order of mag-
nitude lower in their yields [11]. Similarly to the cross
section of single Higgs boson production, the ggF di-
Higgs cross section is plagued with large theoretical un-
certainties, dominated by the QCD scale uncertainty [12]
and the top-quark mass scheme dependence [13, 14]. The
computations of the cross section have been carried out
both in the infinite top-quark mass limit and with full
top-quark mass dependence.
In the infinite top-quark mass limit, the next-to-
leading order (NLO) QCD correction was known twenty
years ago [12], and the NNLO QCD calculation was
preformed recently [15–18]. In addition, the effect of
soft gluon resummation has been investigated at next-
to-next-to-leading logarithmic accuracy [19–21].
On the other hand, there are also many attempts to go
beyond the infinite top-quark mass approximation. The
full top-quark mass dependence was first included in the
real-emission part at NLO [11, 22]. The NLO virtual
corrections, involving multi-scale two-loop integrals since
the LO is already a loop-induced process, have been eval-
uated by expansion in the heavy top-quark mass limit
up to O(1/m12t ) [23–25], in the small top-quark mass
limit [26, 27], and in terms of a small Higgs transverse
momentum [28] or a small Higgs mass [29]. Recently,
the expansion of the three-loop virtual corrections in the
heavy top-quark mass limit has been presented [30]. Fi-
nally, the full NLO QCD corrections including exact de-
pendence on the top-quark mass were computed numer-
ically by two groups [14, 31–33], either by using a quasi-
Monte Carlo method [34, 35] or via a direct Monte Carlo
integration by Vegas. The matching to parton showers
has also been carried out [36–38].
Although the infinite top-quark mass approximation is
usually insufficient for the corresponding phenomenology
studies, a standard way of improving the theoretical pre-
diction on the ggF di-Higgs cross section is to use the
lower-order result with full top-quark mass dependence,
and to augment it with higher-order corrections in the
infinite top-quark mass limit [39].
In this Letter, we provide the first next-to-next-to-
next-to-leading order (N3LO) perturbative QCD predic-
tions for the Higgs boson pair production via gluon fusion
at hadron colliders in the infinite top-quark mass limit.
This result becomes one of a few highest-precision com-
putations for scattering processes relevant at the LHC.
The existing calculations performed at N3LO include the
inclusive cross sections of the ggF [40, 41], VBF [42] and
bottom-quark fusion [43] of single Higgs boson produc-
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2tion, as well as the VBF of di-Higgs production [44].
Some differential distributions approximated at the same
order are also known for the ggF of single Higgs boson
production [45–47]. In our calculation, we will provide
both the inclusive cross sections and the invariant-mass
distribution of the Higgs boson pair at N3LO, where the
latter is the first exact N3LO differential distribution for
the ggF channel.
Theoretical framework – In the infinite top-quark mass
limit, the effective Lagrangian describing the coupling of
two gluon field strength tensors with one or two Higgs
bosons reads
Leff = −1
4
GaµνG
a µν
(
Ch
h
v
− Chh h
2
2v2
)
, (1)
where the vacuum expectation value of the Higgs field v
can be related to the Fermi constant by v =
(√
2GF
)−1/2
.
Ch and Chh are the Wilson coefficients by matching the
full theory to the effective theory, which start from O(αs)
and have been calculated up to O(α4s) [48–56].
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FIG. 1: Representative Born cut-diagrams for the Higgs bo-
son pair production in ggF. The bullets denote the vertices de-
scribed by the effective Lagrangian in Eq.(1) and the crossed
circle represents the trilinear Higgs self-coupling.
The ggF di-Higgs cross section can be organized ac-
cording to the number of the effective vertex insertions in
the amplitude squared, where three representative Born
cut-diagrams are shown in Fig. 1. They are the ones
with two, three and four effective vertices, and are de-
noted as class-a, -b and -c respectively in the following
context. Accordingly, the (differential) cross section can
be splitted into three parts,
dσhh = dσ
a
hh + dσ
b
hh + dσ
c
hh. (2)
Their contributions to various αs orders are tabulated in
Table 1. At N3LO in αs, we need to calculate the class-a
(class-b and class-c) contribution at N3LO (NNLO and
NLO).
Because of the similar topologies, the class-a part can
be obtained from the calculation of a single Higgs boson
production. They can be related by
dσahh
dmhh
= fh→hh
(
Chh
Ch
− 6λv
2
m2hh −m2h
)2
× σh(mh → mhh),
(3)
where λ is the Higgs self-coupling and the function fh→hh
accounts for the phase space difference between the single
and double Higgs boson production,
fh→hh =
√
m2hh − 4m2h
16pi2v2
, (4)
LO NLO NNLO N3LO
total O(α2s) O(α3s) O(α4s) O(α5s)
a O(α2s) O(α3s) O(α4s) O(α5s)
b 0 O(α3s) O(α4s) O(α5s)
c 0 0 O(α4s) O(α5s)
TABLE I: The perturbative orders in αs for different classes at
the amplitude squared level. We call the O(α3s) contribution
in class-b as the LO in this class though it is an NLO correction
to the cross section of Higgs pair production. The same rule
of order counting applies to class-c.
and σh(mh → mhh) denotes the cross section calculated
using iHixs2 [57] after replacing the Higgs boson mass
with the invariant mass of the Higgs boson pair in the
code. Such a method has also been used in the ear-
lier NNLO calculation of the ggF di-Higgs production
in Ref. [16].
The class-b part can be obtained through the qT -
subtraction method [58], in which we divide the cross
section into two parts,
dσbhh = dσ
b
hh
∣∣∣
phhT <p
veto
T
+ dσbhh
∣∣∣
phhT >p
veto
T
, (5)
where phhT represents the transverse momentum of the
Higgs pair system. An artificial cutoff parameter pvetoT is
introduced in order to deal with the infrared divergences.
In the first part, the transverse momentum of the Higgs
pair system is required to be less than the cutoff param-
eter. With a sufficiently small pvetoT , we can safely ignore
all the power-suppressed terms in pvetoT . In such a case,
the cross section admits a factorization form which can
resum the large logarithms lnn(mhh/p
veto
T ) to all orders
in αs. In the following context, we will use the soft-
collinear effective theory [59–63], in which the factorized
cross section can be written as a convolution of the trans-
verse momentum dependent (TMD) beam function, soft
function and hard function [64]. The rapidity divergences
appearing in the calculation of the TMD beam function
and the soft function need an additional regulator be-
sides the dimensional regularization [65–68]. However,
the final physical cross section is independent of such a
regulator. The two-loop analytical results for these ingre-
dients can be found in [69–73]. The NNLO hard function
can be obtained by combining the two-loop amplitudes
calculated in [74] and one-loop amplitudes we calculate
analytically. The final results are expressed in terms of
multiple polylogarithms, evaluated by the public Math-
ematica package PolyLogTools [75]. We have set up a
streamline to combine the various components together
in the computations of the NNLO differential cross sec-
tions of Whh [76] and Zhh [77] associated production
processes. As opposed to the quark anti-quark initial
states in the previous calculations, we extend our pro-
gram to the gluon-gluon initial states in this work.
In the second part of class-b in Eq.(5), the transverse
3momentum of the Higgs pair system is imposed to be
larger than the cutoff parameter pvetoT . In such a case,
there must be an additional jet in accompany with the
Higgs pair. Therefore, in order to have NNLO cross sec-
tion of class-b, we only need to calculate the NLO cor-
rections to hh plus a jet, of which the underlying Born
is represented for example by Fig.1(b) but with an ad-
ditional gluon emission. In this work, we use the Mad-
Graph5 aMC@NLO [78] framework to perform such cal-
culations. The two Wilson coefficients are also expanded
in a series of αs. Since the contribution of this class is
from the interference between the amplitudes with only
one effective vertex insertion and with two effective ver-
tices, one has to organize these coefficients and ampli-
tudes in an appropriate way. Thanks to the recent de-
velopment [79] to handle mixed-order scenarios, we are
able to obtain the results order-by-order in αs. To calcu-
late the one-loop amplitudes automatically, we prepare
the model files by using FeynRules [80], FeynArts [81]
and an in-house Mathematica program, which has been
validated in [82, 83]. The counter-terms, especially the
rational R2 terms, have been extensively checked with
the results in the literature [84, 85]. The tensor inte-
grals appearing in the one-loop amplitudes are evalu-
ated by MadLoop [78, 86] equipped with Collier [87],
while the real emission contribution is computed with
the module MadFKS [88, 89] with the FKS subtraction
method [90, 91]. We want to stress that the inclusion
of the contribution from class-b is indispensable in the
sense that it not only contributes to the same order in αs
but also cancels the remaining scale dependence in class-
a at N3LO (details shown in the supplemental material).
Finally, since the NLO cross sections of class-c can be
obtained with full-fledged methods, we refrain ourselves
from presenting details about them, but they have been
routinely included in our final results.
We have performed many cross checks and validations
in our calculations. All the terms except for O(α5s) terms
of class-a and class-b listed in Table I have been cross
checked at least by two independent calculations at the
inclusive total cross section level. Specifically, we have
reproduced the cross section of a single Higgs boson pro-
duction up to NNLO in iHixs2 by using our program.
This agreement can check our implementations of the
two-loop beam and soft functions, as well as the calcula-
tion of one-loop amplitudes with one effective vertex. In
addition, we have calculated the NLO and NNLO correc-
tions to Higgs pair production in the infinite top-quark
mass limit, and found agreement with HPair2 [12, 13]
and Ref.[18], respectively. This helps to check Eq.(3)
and the calculation of one-loop amplitudes with two ef-
fective vertices. These nontrivial checks already ensure
the correctness of many components of our calculations.
For the O(α5s) term of class-a, we simply used iHixs2 by
employing Eq.(3). Such a program has been validated
with the Higgs pair cross sections from LO to NNLO,
which makes us convinced that the O(α5s) piece of class-
a is correct. For the remaining O(α5s) part of class-b,
we carefully checked the various pieces that are used in
our calculation. In particular, we have checked the scale
dependence of the finite part in the two-loop amplitudes
with two effective vertices [74] by the renormalization
group equation that the hard function should satisfy.
The one-loop amplitude can also been extracted from the
scale-dependent part of the two-loop amplitudes, and it
has been compared against the analytical result we cal-
culated with fire [92] and to the numerical result from
MadLoop. Again, we find perfect agreements. Moreover,
we have checked the independence of the final NNLO re-
sults for class-b on the values of pvetoT over the range from
4 GeV to 20 GeV (see the supplemental material).
Results – In our numerical calculations, we take
v = 246.2 GeV and the Higgs boson mass mh =
125 GeV. The top-quark pole mass, which enters only
into the Wilson coefficients, is mt = 173.2 GeV. We
use the PDF4LHC15 nnlo 30 PDF [93–96] provided by
LHAPDF6 [97], and the associated strong coupling αs.
The default central scale is chosen to be the invariant
mass of the Higgs pair divided by 2, i.e. µ0 = mhh/2,
and the scale uncertainty is evaluated through the 9-point
variation of the factorization scale µF and the renor-
malization scale µR in the form of µR,F = ξR,Fµ0 with
ξR, ξF ∈ {0.5, 1, 2}.
order
√
s
13 TeV 14 TeV 27 TeV 100 TeV
LO 13.80+31%−22% 17.06
+31%
−22% 98.22
+26%
−19% 2015
+19%
−15%
NLO 25.81+18%−15% 31.89
+18%
−15% 183.0
+16%
−14% 3724
+13%
−11%
NNLO 30.41+5.3%−7.8% 37.55
+5.2%
−7.6% 214.2
+4.8%
−6.7% 4322
+4.2%
−5.3%
N3LO 31.31+0.66%−2.8% 38.65
+0.65%
−2.7% 220.2
+0.53%
−2.4% 4438
+0.51%
−1.8%
TABLE II: The inclusive total cross sections (in unit of fb)
of Higgs boson pair production at different center-of-mass en-
ergies from LO to N3LO. The quoted relative uncertainties
are from the 9-point scale variations µR,F = ξR,F
mhh
2
with
ξR, ξF ∈ {0.5, 1, 2}. The errors due to the numerical Monte
Carlo integration are well below 1h.
We present the inclusive total cross sections (from LO
to N3LO) of the Higgs boson pair production at different
center-of-mass energies in Table II and Fig. 2. Similarly
to the single Higgs case, the QCD higher-order correc-
tions are prominent. The NLO corrections increase the
LO cross section by 87% (85%) at
√
s = 13 (100) TeV.
The NNLO corrections improve the NLO cross section
further by 18% (16%), reducing the scale uncertainty by
a factor of 2 to 3 to be below 8%. Finally, the N3LO
corrections turn out to be 3.0% (2.7%), which lies well
within the scale uncertainty band of the NNLO result.
Now, the scale uncertainty at N3LO is less than 3% (2%),
with another significant reduction of 2-3 times. For the
purpose of the comparison, the PDF parameterization
uncertainty at 13 TeV amounts to ±3.3%, which is larger
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FIG. 2: The inclusive total cross sections for Higgs boson
pair production at proton-proton colliders as a function of the
collision energy. The bands represent the scale uncertainties.
The bottom panel shows the ratios to the N3LO result.
than the current scale uncertainty. Such an improvement
can be more clearly seen in Fig. 3, where we have varied
the scale by a factor of four around the default choice
with imposing µR = µF . The plot illustrates the impor-
tance of the choice of scales in a lower order perturba-
tive calculation. If one chooses a scale to be larger than
mhh, the higher-order QCD corrections are very sizable.
Instead, if one chooses a judicious scale between mhh/4
and mhh/3, the perturbative convergence of the αs series
is very good from NLO to N3LO. It also indicates that
the commonly used central scale mhh/2 is not optimal.
Besides the inclusive total cross section, we are also
able to obtain the exact N3LO results for a differential
distribution, i.e., the invariant mass mhh distribution
shown in Fig.4. As in the total cross section case, the
inclusion of the N3LO corrections dramatically stabilizes
the perturbative calculation of the invariant mass differ-
ential distribution. It can also be seen that the higher-
order QCD corrections do not change the peak position,
and the K factor of N3LO over NNLO is almost flat over
a large region of mhh. The N
3LO result with small scale
uncertainty is completely enclosed within the NNLO un-
certainty band. Such a feature consolidates that the per-
turbative expansion of this differential cross section in a
series of αs is convergent up to this order.
Conclusion – We have calculated the N3LO QCD cor-
rections to the Higgs boson pair production via gluon
fusion at hadron colliders in the infinite top-quark mass
σ
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FIG. 3: The scale dependence of the total cross section for
Higgs boson pair production at the LHC with
√
s = 13 TeV.
We set µR = µF = ξµ0 in this plot.
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FIG. 4: Invariant mass distributions for Higgs boson pair pro-
duction at the LHC with
√
s = 13 TeV. The bands represent
the scale uncertainties. The red, green, brown and blue bands
correspond to the LO, NLO, NNLO and N3LO predictions,
respectively. The bottom panel shows the ratios to the N3LO
distribution.
limit. We find that the total cross section at N3LO in-
creases by 3.0% (2.7%) at
√
s = 13 (100) TeV with re-
spect to the NNLO result under the central scale choice
µ0 = mhh/2. The scale uncertainty has been significantly
improved at N3LO compared to the previous result at
NNLO, which is now less than 3% (2%). In contrast, the
5PDF uncertainty is ±3.3% at the 13 TeV LHC. More-
over, we have computed the invariant mass distribution
at N3LO for the first time, and almost constant improve-
ment has been found. The perturbative series of both
the total inclusive cross section and the invariant mass
distribution are found to be convergent up to this order.
In the future, for the phenomenological applications, we
plan to combine our N3LO calculations in the infinite
top-quark mass limit with the NLO results including ex-
act top-quark mass dependence.
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7Supplemental material
Renormalization scale dependence
In this Supplemental material, we present the method to obtain the µR dependence in the framework of soft-collinear
effective theory (SCET), where the renormalization scale is usually set to be the same as the factorization scale, while
they can be distinguished clearly in fixed-order calculations.
The cross section is scale (µR = µF = µ) invariant,
d
d lnµ
σhh(µ, µ) =
(
d
d lnµR
σhh(µR, µF ) +
d
d lnµF
σhh(µR, µF )
) ∣∣∣∣
µR=µF=µ
= 0 +O(α6s). (1)
The individual renormalization and factorization scale dependence can be obtained through
σhh(µR, µF ) = σhh(µF , µF ) +
∫ µR
µF
dµ¯
(
d
dµR
σhh(µR, µF )
∣∣∣∣
µR=µ¯
)
, (2)
where the first part on the right hand can be predicted with qT -subtraction method in the framework of SCET and
the second part is obtained by requiring the renormalization scale independence of the total cross section.
The N3LO cross section for Higgs pair production is renormalization scale invariant up to O(α6s) corrections, i.e.
d
d lnµR
σhh(µR, µF ) =
d
d lnµR
σahh(µR, µF ) +
d
d lnµR
σbhh(µR, µF ) +
d
d lnµR
σchh(µR, µF ) = 0 +O(α6s) . (3)
For class-a, the differential equation is
d
d lnµR
σahh(µR, µF ) =
∫
dmhhfh→hh[σh(µR, µF ,mh → mhh)]× d
d lnµR
(
Chh
Ch
− 6λv
2
m2hh −m2h
)2
. (4)
where σh has the expansion σh = σ
(0)
h +σ
(1)
h + . . . with σ
(i)
h ∝ α2+is . Up to N3LO, we need the NLO QCD corrections
to class-c cross section which is standalone and scale invariant. Therefore, for class-b, the renormalization group
equation is
d
d lnµR
σbhh(µR, µF ) = −2
∫
dmhhfh→hh[σh(µR, µF ,mh → mhh)]×
(
Chh
Ch
− 6λv
2
m2hh −m2h
)(
d
d lnµR
Chh
Ch
)
. (5)
The ratio of Chh over Ch can be written in a series of as ≡ αs(µR)/4pi,
Chh
Ch
= 1 + δ2a
2
s + δ3(µR)a
3
s +O(a4s) . (6)
where the coefficient δ2 is scale independent. Therefore, we obtain
d
d lnµR
Chh
Ch
=
(
das
d lnµR
∂
∂as
+
∂
∂ lnµR
)
Chh
Ch
= −4β0δ2a3s + a3s
dδ3
d lnµR
+O(a4s) ≡ a3sη +O(a4s) (7)
with β0 = (11CA − 2nf )/3 . Then Eq. (5) becomes
d
d lnµR
σbhh(µR, µF ) =− 2a3sη
∫
dmhhfh→hh[σ
(0)
h (µR, µF ,mh → mhh)]
(
1− 6λv
2
m2hh −m2h
)
+O(a6s)
=− 3
4
a3s η σ
b(1)
hh (µR, µF ) +O(a6s), (8)
where the class-b cross section is written as σbhh =
∑
i=1 a
i
sσ
b(i)
hh with σ
b(i)
hh ∝ a2s and
σ
b(1)
hh (µR, µF ) =
8
3
∫
dmhhfh→hh[σ
(0)
h (µR, µF ,mh → mhh)]
(
1− 6λv
2
m2hh −m2h
)
. (9)
The scale-invariance violation terms in Eq. (8) start from NNLO corrections to class-b Higgs pair production.
8pvetoT independence
The sum of the two terms in Eq.(5) of the Letter should be independent of the cutoff parameter pvetoT when p
veto
T
is small enough. We have explicitly checked the pvetoT independence of the NNLO cross section for class-b shown in
Fig. 1.
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FIG. 1: The pvetoT dependence of the NNLO cross section for class-b at 13 TeV LHC. The error bars denote the Monte Carlo
integration uncertainties.
